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In an instrumented indentation test, the reduced modulus is
expressed as:

g oVT_ Su
" 28 \/A(hem)

where S, = dP/dh|,_, is the initial unloading stiffness at
maximum load P.; A(h.m), Ay, and hg, are the corre-
sponding projected contact area, maximum indentation
depth, and maximum contact depth; and f is a correction
factor. E, is related to the Young’s modulus and Poisson’s
ratio of the indented material (E, v) and those of the indenter
(E;, v;) by the equation 1/E, = (1 — V}/E + (1 — v)/E,,
from which an estimate of E is derived if E, is first deter-
mined. Obviously Eq. 1 indicates that the accuracy of the
measured value of E; (or E) relies on the reliability of the
methods used to derive S, and A(h.p,) (or h.y), but S, may
vary substantially according to the condition of a test. For
example, at low load condition load—displacement data are
scattered, such that the value of S, derived would have great
uncertainty. In addition, A(h.y,) (or h.,) estimated by
applying the well-known Oliver and Pharr method [1, 2] can
have a large error when the indented material is soft and
shows weak work hardening. Improvement is achieved by
applying an energy-based method, obtained by combining
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dimensional theorem and finite element simulations as
reported in our recent work [3, 4]. In this method, an
approximate relationship between the ratio of a nominal
hardness to reduced Young’s modulus (H,/E,), and the ratio
of the work done during unloading to that during loading
denoted as total work afterwards (W./W,) was founded, in
which the nominal hardness defined by H, = P./A(hy,)
is essentially different from the real hardness [5] H =
P /A(h.,) and can be determined accurately by fully uti-
lizing the accuracy of the measured load and displacement
data from an instrumented indentation system. Conse-
quently, E, (and thus E) can be determined merely from
H,, W, and W,. This approach is referred to as the pure
energy method [6], and has been shown to be very successful.
However, in our previous approach the relationship between
H,/E. and W./W, was derived entirely based on numerical
simulations, while the physical insight and the subsequent
analytic formulation were not achieved yet. In this work, we
derive an equation of H./E, as a function of W./W, and
hardening exponent n based on a more physical point of view
in order to consolidate the physical basis of the method.

In the model of indentation under consideration, a three-
dimensional rigid conical indenter with a given half angle,
0, is driven to indent into a homogeneous elastic—plastic
solids with a yield strength, oy, strain hardening exponent,
n, and Young’s modulus, E, along the normal direction.
The interface between the indenter and the solids is
assumed to be frictionless. The first step of analysis is to set
up a relationship correlating Ay, and Ay, with o,/E ~ 0
and n as a parameter. For this purpose, we consider the
following two extreme cases. The first extreme case is for
oyE ~ 0 and n = 0. The indented material can equiva-
lently be regarded as being rigid and perfectly plastic.
Under this situation, h.,, = 1.3k, for a broad range of
52.5° < 0 < 80° [7]. In the second extreme case for
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oyE ~ 0 and n = 1, the indented material is indeed ide-
ally elastic, and h¢,, = (2/m)hy, [1]. As such, linear inter-
polation is applied to achieve an equation of h., =
[1.3 + 2/t — 1.3)n]h,, for any intermediate case with
ojE ~0and 0 <n < 1.

A further approximate relationship between .., and h,
with n and W, /W, as parameters is proposed as follows.
When o,/E ~ o0, the indented material can be regarded as
ideally elastic, irrespective of the value of n. Under this
situation, W./W; approaches 1 and h.,, = (2/m)h,. On the
other hand, for the case of oyE ~ 0and 0 <n < 0.5, the
ratio W,/W, is nearly zero and h., =[1.3 + 2/n —
1.3)n]h,,. The proposed relationship should be consistent
with the above extreme cases in the range of 0 <
oyE < o0 (or 0 < W/W, < 1) and 0 <n < 0.5. Again,
based on linear interpolation, we revise the above hc,—hy,
relationship as

o= {135 (2 13)n (2 13)0 - () b
(2)

The second step of analysis is to establish a relationship
correlating power law index, m, of an unloading curve with
W./W; and n. According to Oliver and Pharr [1, 2], the
unloading curve can be described as

P=B(h—h)" 3)

where B is a coefficient and Ay is the depth of the residual

impression. The initial unloading stiffness is then
determined as
dpr B(hm — he)"™ P,
s,=—| =" ( ) __m (4)
dh|,_, (hm — hy) (hm — hy)
and the work done in the unloading process is given by
(i~ )
m Pm hm - hf
We= [ B(h—h)"dh = ———= 5
.= [ Bt i — 5)

hg

During loading, the force applied on the indenter is
proportional to square of indentation depth according to
dimensional analysis, that is

P=ChH (6)

The total work done during the loading process is
obtained by

hm
1

W, = / Ch*dh = 3Pl (7)

0
From Egs. 5 and 7, h,, — h¢ can be written as
m+1/(W,

hy —hf =— — | 8

=" () 0

The initial unloading stiffness S, in Eq. 4 can then be
rewritten as

dP 3m Wt Pm
= () ©)
heh (m+ 1)\ W, ) hn,

SU —_— E

The index m should be a function of ¢,/E (or W./W,) and
n. To obtain its function form, we assume that the
unloading process is elastic, and is equivalent to a case
of an elastic contact made between a flat elastic semi-space
with elastic properties of E and v and an imaginary rigid
indenter with a solid of revolution obeying a power law
function, z = f(r) = kr*, in which z is the axis of
revolution, r the distance from the indenter surface to the
axis, and k and o are constants. The condition for this
hypothetical elastic contact interaction to be equivalent to a
real unloading process is to let the pressure distributions at
the peak load of these two cases identical. Yu and
Blanchard [8] assumed that the distribution of the contact
pressure for the case of a material with ¢,/E — 0 and
n = 0 indented by a rigid cone is uniform. One can thereby
assume that the contact point experiences a contact
pressure, po. Making use of the typical results for the
hypothetical model of elastic indentation on a semi-space
material, the elastic normal displacement at an arbitrary
contact point can be determined as

w(r) = 401 -7) poa/zwl f sm odo (10)

where r < a, and a is the maximum contact radius of the
conical indent. On the other hand, according to the elastic
contact theory, for a rigid indenter with the geometry
obeying the power law function z = f(r) = kr* = (ka”)
(r/a)* = ky(r/a)”, the function w(r) should be in the form of:

w(r) =0 — ki (r/a)” (11)

where ¢ is a constant. Through assigning different values of
rla (0 < rla < 1) to the right side of Eq. 10, the parameter
of o in Eq. 11 can be determined to be 2.523 by using least
square fitting. Further, according to Sneddon [9], in the
hypothetic case, P applied on the indenter with a power law
function geometry, i.e., z = fir) = kr”, is proportional to
nit1* where h, = h — hy is the indentation depth of the
indenter into an elastic half space. Thus, the unloading
function of Eq. 3 can be rewritten as

P =B(h—h)" = B(h — hy)' "/ (12)

where m = 1 + 1/a. Consider the following extreme
cases. First, for a material with o,/E — 0 and n = 0, the
value of m =1 + 1/o0 = 1+4+1/2.523 = 1.396. Second, for
a material with o,/E — 0 and n = 1; or o,/E — o0 and
0 <n <1, the value of m = 2. Therefore, by applying
linear interpolation with n as a parameter, under the
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conditions of ¢,/E — 0 and 0 < n < 1, one obtains m =
1.396 + 0.604 n. For the conditions of 0 < ¢,/E < o0 (or
0 < WJ/W, < 1)and 0 < n < 0.5, following the same line
of though for obtaining Eq. 2 for A, one obtains:

W,
m = 1.396 + 0.604n + 0.604(1 — n) (We) (13)
t
By substituting Eq. 9 and the contact area A(h.y) =
n(hemtand)? into Eq. 1, one obtains

Pn  2ptan0(We\ (hem) (m+ 1 14
WE 3 <W><hm)( m ) ()
It needs to point out that the factor ff in Egs. 1 and 14 is
dependent on the indenter geometry and the mode of
deformation. For a conical indenter, both the analyses for
the cases of linear elastic deformation [10] and small
elastic—plastic deformation [11] give f§ = 1. In addition, the
analysis for the case of large elastic—plastic deformation
gives § = 1.06 when 6 = 70.3° [12]. The effect of large
deformation on f3 is expected to decrease with increasing 0

[2]. Assuming that f = 1 when 0 — 90°, the value of § can
be expressed as a linear function of 0,

B = 12741 — 3.045 x 107°0 (15)

Combining Egs. 2, 13, 14, and 15, and using the
definition of nominal hardness H, = P, /A(hy,) = P/
[n(hytan6)?], the ratio of H,/E, can finally be expressed
as a function of W,/W, and n, that is

H, 2(1.2741 —3.0455 x 107%0) (We>

E, 3ntan 0 W,
2 2 W,
13+ (2-13 S I ) T Y i
X{ Jr(n >n+<n >( ”)<Wl)}
x <1+ 1
1.396 + 0.604n + 0.604(1 — n) (%)
(16)

We note that this formula is effective in the range of
0<WJW,<1,0<n<0.5and52.5° <0 < 80°.

Consider a special case as an example. A conical
indenter with 6 = 70.3° is used. It has the same depth
dependence of cross-sectional area as that of a Berkovich
indenter. The relationships between H,/E, and W./W; for
n = 0 and n = 0.45, respectively, are derived as shown in
Fig. 1. It is believed for any value of n between 0 and 0.45,
the corresponding relationship of H,/E; and W./W, should
lie in the band bounded by the above two curves, and can
thus be approximately expressed as a single value function,
ie., H/E, = fiW./W,). Consequently, E,. can be obtained
from the equation of E; = H /AW./W,) by only measuring
the nominal hardness and the work of indentation.
Considering a function H/E, = {W/W,) evaluated at
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Fig. 1 Relationships among H,/E,, W./W,, and n

n = 0.25, the maximum error of the estimated value of E;
should be bounded by At = 1 — (Hy/E),—025/(HJ/Eo),—o
and A~ = 1 — (H/E), =0 25/(Hy/E),,=0 45, Which are cal-
culated and shown in Fig. 2. Their magnitudes decrease
almost linearly with increasing W./W,. In particular, the
maximum possible error occurs at W./W, — 0, which is
determined to be +16%. Obviously, from the engineering
point of view, such a level of accuracy in the measurement
of Young’s modulus can meet the requirement of most
applications. Also shown in Fig. 1 are the numerical results
obtained from finite element simulations, from which it is
seen that Eq. 16 can successfully predict the relationships of
H,/E. and W./W,.. For the cases of 6 = 75° and 6 = 82°,
similar trends as those observed in the case of § = 70.3° are
found (Fig. 1). We conclude that good agreement between
the analytical solutions and the finite element simulations
shows that the present analysis reveals the essential rela-
tionships among H./E,, W./W,, and n, and therefore pro-
vides a physical basis for the pure energy method used to
determine the Young’s modulus of a material.

20
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Fig. 2 Estimated maximum relative error A+ and 1~ versus W./W,



J Mater Sci (2010) 45:2530-2533

2533

Acknowledgement The authors acknowledge the support of the
National Natural Science Foundation of China (10672185).

References

1. Oliver WC, Pharr GM (1992) J Mater Res 7:1564

2. Oliver WC, Pharr GM (2004) J Mater Res 19:3

3. Ma D, Ong CW, Zhang T (2008) J Mater Res 23:2106
4. Ma D, Ong CW, Zhang T (2009) Exp Mech 49:719

[=)}

[c BN

. Cheng Y-T, Cheng C-M (1998) Appl Phys Lett 73:614
. Ma D, Ong CW, Liu J, He J (2004) Sci China Ser E Eng Mater

47:398

. Lockett FJ (1963) J Mech Phys Solids 11:345

. Yu W, Blanchard JP (1996) J Mater Res 11:2358

. Sneddon IN (1965) Int J Eng Sci 3:47

. Pharr GM, Oliver WC, Brotzen FR (1992) J Mater Res 7:613
11.
12.

Cheng C-M, Cheng Y-T (1997) Appl Phys Lett 71:2623
Dao M, Chollacoop N, Van Vliet KL, Venkatesh TA, Suresh S
(2001) Acta Mater 49:3899

@ Springer



	Analytical relationship among nominal hardness, reduced Young’s modulus, the work of indentation, and strain  hardening exponent
	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


